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Abstract - The three-dimensional CMKF-D with only position
measurements is extended to solve the radar target tracking
problem with range-rate measurements, where the errors
between range and range-rate measurements are correlated.
Firstly, a pseudo measurement is constructed by the product of
range and range-rate measurements to reduce the high
nonlinearity of the range-rate measurements with respect to the
target state; then the consistent first two moment estimates of the
converted measurement errors are derived by the nested
conditioning method; finally, since the pseudo measurement is
quadratic in the target state, the second-order EKF is used to
implement the nonlinear tracking filtering, where the Cholesky
factorization is used to decorrelate the converted position and
pseudo measurement errors, thus the position and pseudo
measurements can be sequentially processed to reduce the
approximation error in the second-order EKF further. Monte-
Carlo simulation results show that performance of the new
tracking filter is improved greatly.

Keywords: range-rate measurements, radar target tracking,
CMKEF-D, second-order EKF, sequential processing.

1 Introduction®

In tracking applications, target dynamics is usually
modeled in Cartesian coordinates, while the measurements
are directly available in the original sensor coordinates,
most often in spherical or polar coordinates. Thus tracking
in Cartesian coordinates using sensor coordinates
measurements is actually a nonlinear estimation problem.
For this, a basic idea is to transform the spherical
measurements into a pseudo-linear form in the Cartesian
coordinates, and then do target tracking by Kalman
filtering with the estimated bias and covariance of the
errors of the converted measurements. This is called the
converted measurements Kalman filtering (CMKF)
method. This method has been widely investigated by
different ways of obtaining the bias and covariance of the
converted measurement errors (e.g., [1~6]), but only the
position measurements are considered. For a practical
radar, in particular a Doppler radar, the range-rate
measurement is also available. As shown in [7], target
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tracking accuracy can been greatly improved by sufficient
utilization of the range-rate measurements.

To solve the radar target tracking problem with range-
rate measurements, the conventional method is the
extended Kalman filter (EKF) [8,9], but due to the
nonlinearity between the radar measurements and the
target state, performance of the tracking filter is often very
poor. In [7], the product of the range and range-rate
measurements is used to construct a pseudo measurement
to reduce the nonlinearity of the range-rate measurement
with respect to the target state , then statistics of the
converted measurement errors of this pseudo
measurement are obtained by the linearization method.
[10] modifies the method proposed in [7] further, statistics
of the position converted measurement errors are obtained
by what is referred in [11] to as the nested conditioning
method as in [2], but the pseudo measurement is
processed still the same as in [7] by the linearization
method. It has been proved in [2] that statistics of the
converted measurement errors obtained by the
linearization method are not consistent estimates. A
sequential extended Kalman filter (SEKF) was proposed
in [12] to process position and range-rate measurements
sequentially. Due to the strong nonlinearity between the
range-rate measurement and the target state, the range-rate
measurements were processed by the EKF.

In addition, the range, angles and range-rate
measurement errors are usually assumed statistically
independent in existing radar target tracking algorithms,
but recent research [13] shows that range and range-rate
measurement errors are statistically correlated for some
waveforms.

To use the range-rate measurement more sufficiently,
the three-dimensional debiased consistent converted
measurements Kalman filter (CMKF-D) with only
position measurements in [2] is extended to solve the
radar target tracking problem with range-rate
measurements in this paper, where the errors between
range and range-rate measurements are correlated.
Performance improvement of the new tracking filter is
verified by means of Monte-Carlo simulations.

The rest of this paper is organized as follows. Section 2
presents the target dynamic model and radar measurement
equation. Section 3 derives the statistics of the converted



measurement errors introduced by the range-rate
measurements. Section 4 presents the tracking filter with
the above converted measurements. Section 5 and 6
provide Monte-Carlo simulation results and conclusions,
respectively.

2  Problem Formulation

2.1 Target Dynamic Model

The target dynamic model can be modeled in Cartesian
coordinates as

Xy =D X, +GU, + LW, 1)
where X, =[X. Vi Zo X Y % Slx(n—e)]T is
the target motion state at time k, X,,Y,,Z, are the
position components along X, Y, Z directions, X, , Y, ,Z,
are the corresponding velocity components, Si(n-s) are

the other state components, e.g., acceleration and jerk
components; @, € R™" is the state transition matrix;

G, ./, are the coefficient matrices with appropriate

dimensions; U, is the deterministic input matrix; W, is
zero-mean white Gaussian process noise with known
covariance Q, .

2.2 Radar Measurement Equation

Assuming a three-coordinated radar located at the origin
of the spherical coordinates, the radar measurement
equation with range-rate measurements can be expressed
as

ZlT = fk(xk)+vkm 2
where

z;=[r" B o
fi(X)=Ir B 6
ro=AX2+yr+27,
B :tan’l(zk/wle +y7),

O, =tan (Y, /%),
r'k:(xkxk+ykyk+zkzk)/1/xf+yf+zf,
Vi =% B 6. &I,

re, fe .0, and I, are radar measurements of the

0.
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true target range I, , elevation f, , bearing €, and

range-rate I, , respectively; T,/ ,0, and f, are the

corresponding measurement noises, which are all assumed

to be zero-mean white Gaussian noises with known

2

variances o/,0;,0, and O

., respectively;

furthermore, it is assumed that T,/ and 6, are
statistically independent, f, and f,,6, are statistically

independent, and I, and T, is correlated with correlation
coefficient p.

Measurement Conversion

3.1 Measurement Conversion with Range-rate

Measurement
3.1.1 Position Measurements Conversion Equation
The position measurements (range, elevation and bearing)

in spherical coordinates can be transformed into the
pseudo-linear form in the Cartesian coordinates by

X, =TI," 0SB, cos," =X, +X, ©)

Yy =TIy COsS B sing," =y, +Y, (4)

ze =r"sing" =z, +7, (5)

where  X,,Y,,Z, are the position conversion

measurement errors along X, Y, Z directions in Cartesian
coordinates, respectively.

3.1.2 Pseudo Measurement Conversion Equation

To reduce the strong nonlinearity between the range-rate
measurement and the target state, as in [7], the following
pseudo measurement conversion equation can be utilized

C mem . . . -~
M =T e = XX Y Yo + 22+ (6)
where 77, is the error of the converted pseudo

measurement 7, in the Cartesian coordinates.

3.1.3 Measurements Conversion Equation

From (3) to (6), conversion of the radar measurements
from the spherical coordinates to the Cartesian coordinates
can be compactly expressed as

Zlf :hk(Xk)+VkC (7)
where

Zi=l% vz onl

h (X ) =X Y« Z kak+ykyk+zk2k]T*
chz[ik yk Zk ﬁk]T'

3.2 Statistics of Converted Measurement

Errors
3.2.1 True Bias and Covariance

Under the assumptions in (2), it can be shown (see the
Appendix) that



E[F.2F 1= E[F,F2]1=0 (®)
E[R5]=(1+2p%)0l0} ©)

Using (8) and (9), one can derive the true bias and
covariance of the converted measurement errors

conditioned on the true position and range-rate of the
target as
Her = EVE [ Be 60T (10)
:[/Jlf,t /uky,t /Jlf,t /"l?,t]T
Ri: = covV,o Vi r, B, 6, 1]
R% R RE R
_[RY R ORE R (1)
RZ RS RE R
Rl R R R
where

X y z XX Xy D XZ yy yz 2z
Hicps Myps My and Rk,t’ Rk,t Rk,t ' Rk,t ) Rk,t , Rk,t are
the same as in [2],
no_
My = PO Oy,

_ 2 [o_ 52
R =(olt, +1,p0,0,)COS B, COSH, -€ ohf2-oif2

52y 2
RYY = (02t +1,po,5,)c0s B sinf, -e />,

2
sz;ty = (Urzrk +r po.o.)sin g, -e Uﬂ/za

2_2 2.2 2y 2 2 .
R =riol +oltl +(L+ p*)olol + 21, po,o,.
3.2.2 Average True Bias and Covariance

Since (10) and (11) are conditioned on the true position
and range-rate of the target, which are not available in
practice, they can not be used directly. To make them
more practicable, the expected value of the true bias and
covariance are evaluated conditioned on the measured
position and range-rate.

Hia = E[/uk,t |rkmv:3kmv km,r'km]

—[ ;X y z 7 7 (12)
_[/uk,a /uk,a /uk,a :uk,a]
Rk,a = E[Rk,t | rkm!ﬂlin’elin’rkm]
Rea Rea Rea R
|R%ORERERY (13)
Ra R R R
Ri: R R RO
where
Hiar ot and RO RERE R RE R
are the same as in [2],
Hia = POOy,
2 2
—05—0p

R = (olv + 1" po,o,)cos B cosfy'e :

RY" = (621" +1," po.c, ) cos B sin O'e 7~
R = (ol + 1" po,o,)sin ﬂk”‘e“’/zf ,
RiZ=(") o7 +07 (1) +30+ p*)oy oy +
21" po,o, .
My o and Rk]a are called the average true bias and

average true covariance, respectively in [1,2].

Generally speaking, due to the nonlinear transformation
in (3)~(6), although the measurement noises in the
spherical Coordinates have a Gaussian distribution, the
converted measurement errors are not Gaussian
distributed any more. But by using the analogous
consistency test method in [1,2,3], one can verify that (12)
and (13) are consistent estimates of the first two moments
of the converted measurement errors. So in practical
tracking, the converted measurement (7) can be used to
substitute (2).

4 Tracking Filter

It can be seen from (7) that the converted measurements
are still nonlinear function of the target state. The
conventional tracking filter for this is the EKF, in which

h, (X,) is linearized by the Taylor series expansion

around X,,,, . However, the position converted

measurements are linear functions of the target state. So if
sequential filtering is taken, that is, the position
conversion measurements are processed first to obtain the

target state estimate X, , then the nonlinear function

h,(X,) is linearized by the Taylor series expansion

around X", , and thus the linearization errors should be
reduced.

4.1 Decorrelation between Position and Pseudo

Measurement

From (13), the converted measurement errors of position
and pseudo measurement n,f are correlated, so they
should be decorrelated first before sequential filtering.

Covariance matrix R, , of the converted measurement
errors can be rewritten as

pp T

oslan

k,a k,a

where

R: Rea Ria
R%: =|Rea R% RG

Ria R& RG
RE =[RY RYRA],
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Pre-multiplying B, on both sides of (7), from Cholesky
factorization [14], one can get

Z;P =HPX, +V0°P (14)
g =h (X, ) +&, (15)
where
ZeP=Ixe ve 7l
Hlf’p :[Is 03><(n—3)]'
VP =[x, V. Z.I with mean
uPy =Tuls wla w1 and variance R,

& = Lixg + Loy + Lez +7¢,
1 2 3
hlf(xk) = Lix + Ly + Lezy +
XX + Yi Vi + 22,

g =LX +L1y, + L7, +77, withmean

'Lllia = L]‘;/J‘ia + Lill'llzl,a + Li/“llia +ILIIZa and Variance
&€ 7 7 -1 T =~

R =R —RE(RAE) T (RE)  and & is
uncorrelated with V" .
4.2 Sequential Filtering
4.2.1 Position Measurement Filtering

Time update and measurement update of the target state
by position measurement Zf’p can be implemented as
follows.

kik-1 — cpk—lx k/ka T Gk—lU k-1

U X

kik-1 = @k—lpk—l/k&@;——l + G—le—lj—;ll
K= Pk/k—1(Hlf'p)T[Hlf’ppk/k—l(Hlf’p)T + Rkp,Z]_l

~

)ka = XAk/k—l +K2[Z.P _:ukp,a - Hlf‘px’\k/k—l]
p

Ik
ok = (1 = KEHEP)B
4.2.2 Update with Pseudo Measurement

From (15), the pseudo measurement gf is a quadratic

function of the target state, and so the nonlinear filtering
estimation for the target state can be achieved by the
second-order EKF in [7] as

K{ =PRI (HOTHRG (H)T +RE + AT

A&‘ Y & C & £ 7 1
X =X + Kileg = a1, =i (X _Eé‘kz]
Pkg/k = (In - Kkngg)PkF;k
where

H/ is the Jacobian of h, (X, ) around X i and
He = [L +>’2kp/k Ly + §/kp/k L +20 %
Yok Zi Ons)]
57 consists of the second-order derivative of h (X, ),
and 6 = 2P}, (1,4)+ 2P}, (2,5)+ 2P}, (3,6),
A =PI QDRI (44)+PRj, (2,2)PH, (55) +
PO« 3:3)P, (6,6) + 2R, (L2)R, (4,5) +
2P5 (L5)R5, (2,4) + 2R, (L3)P, (4,6) +
2P5 (LE)RPS, (3,4) + 2R, (2,3)R, (5,6) +
2P (2,6)R (3,5) + [P, (L4 +
[P 251 +[PJx 3.6)1°
P, (i, J) represents the element located at the ith row

and jth column of PY, .

4.2.3 Final Filtering

The final target state filtering estimate and corresponding
error covariance at time k are then given by

_ Aé‘ _ &
Xk = Xicr Pere = P

5  Simulation and Comparison

To test the performance of the new nonlinear tracking
filter with range-rate measurements, a target with a nearly
constant velocity motion in the plane is considered. The
target dynamic model in (1) is

10T 0 T?/2 0
01 0T 2/21wy

Xy = Xy + 0 T/2 ‘
0010 T 0 |w
0 00 1 0 T

where X, =[x Y, % V', the sampling interval

T=1s, w, and W are zero-mean uncorrelated
Gaussian white process noises with known standard
deviation ¢ = ¢, =0.05m/s?.

The target is initially located at (3km, 3km), with an
initial velocity are (15m/s, 15m/s). A Doppler radar is
located at the origin of the polar coordinate, which
measures the tracker-to-target range, bearing and range-
rate with standard measurement noise deviation

o, =100m o, =14mrad , o, =0.1m/s



respectively. The correlation coefficient between the range and
range-rate measurement noisesis P = 0.5.
Assuming the measurements are available at kK =—1,0,

the initial estimate for the target state is obtained using the
first two measurements in a manner similar to that of two-
point differencing method given in [14].

Xoo =[% Yo (X _Xfl)/T (Yo — yfl)/T]T

and the corresponding error covariance is

o | PR
0/0 = VAT w |
(PO’/)O) I:)O/O
where
R ]
Roa R T[Roa Roa
T°@)°  Ri+Re RYa+Ro
pr=| 4 T? T2
Ul RLARL TH@)' RLR
T? 4 T?

For performance comparison, RMS position and velocity
errors given by

1 M i o i ~
RMS Pos, :\/MZ[(XI( _Xk/k)2 +(Y, _yk/k)z]
i-1

1 M L i 2 i Zi 2
RMS Vel :\/MZ[(XL =%)"Y = Yin) ]
i1
are computed over 300 steps, where M =200 is the
Monte-Carlo simulation runs, X,,Y, and X, ,Y, stand
for the true position and velocity along X, Y directions in
the plane, X!,y! and X!,y are the corresponding
estimates.

The RMS position and velocity errors are shown in Figs.

1 and 2 for the new algorithm of this paper (RCMKF-D),
the CMKF-D with only position measurements in [1], the
EKF which processes the radar position and range-rate
measurements simultaneously, and the SEKF in [8].

250

[-- CMKFD
j EKF
! e SEKF

)y — RCMKFE-D

m
=]

RMS Position Error{m)
=]
o

a0k 45

L L L L
0 50 100 180 200 250 300
k

Fig. 1. RMS Position Error.
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Fig. 2. RMS Velocity Error.

As can be seen, compared with the CMKF-D, the
proposed tracking filter performs better both in the
transient and steady-state errors. This further verifies that
incorporation of range-rate measurements can improve
performance of the radar tracking greatly. The EKF has
very large transient errors and long convergence time, but
the two algorithms asymptotically coincide with each
other. The proposed filter also performs better than the
SEKEF, especially during transients.

6 Conclusions

Based on the three-dimensional debiased consistent
converted measurement Kalman filter with only position
measurements, a new nonlinear tracking filter with range-
rate measurements, where the errors between range and
range-rate measurements are correlated, is presented in
this paper. Compared with the existing algorithms, it has
the following advantages: a) product of range and range-
rate measurement is utilized to construct an pseudo
measurement, and thus the nonlinearity between the
range-rate measurement and the target state can be
reduced; b) the consistent first two moment estimates of
the converted measurement errors are explicitly derived
by the nested conditioning method without any
linearization approximation; c) the pseudo measurement is
exactly a quadratic function of the target state, and so a
second-order EKF can solve the nonlinear tracking
problem; d) the position and pseudo measurements are
sequentially processed to improve the accuracy of the
second-order EKF further. Monte-Carlo simulation results
show that the proposed tracking filter outperforms the
other alternatives.

Appendix

Equations (8) and (9) can be shown as follows.
From the joint Gaussian assumptions in (2), Fk and

E( have the following joint probability density function:



f(s,t) =

1 —
exp[
2710, 0,41- p° 2(1-

20— +—)]

r I’ I’

(16)

So the first third-order moment in (8) can be obtained as

Reed=["[ st f (s t)dsdt

In (16),

s? st t?

—=2p t—

o, 0,0, O;

= (-4 (1 —)
Define

1- p2 O, O,
t
V=—
Oy
Then (17) can be rewritten as
~>7 O'rZO'f +00 (400
E[Rr]= (1= pu pr)?
2 2
v~exp(—u v )dudv
where

+00 p+00 2

J. J' u vexp(— )dudv

= J‘jwuze7dufwve7dv

=0

j j uv? exp(— )dudv

_ J‘_M uerquwvze_?dv

=0

J.m_[mv exp(— )dudv

2 VZ
+0o +003——
:J' e ZduJ' v'e 2dv

=0

Substituting (22)-(24) into (21) yields E[F.%F, ] = 0.

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

The second third-second moment E[T, E(Z] =0in (8)

can be obtained similarly.

Similarly as the derivations of (8), (9) can be obtained

as

E[T.2r2] = j: f:sztz - f (s, t)dsdt

where

= % fwfw(\/l— pru+ )’ (25)
J
v? exp(— u'+ )dudv

_rw_rwu v? exp(— u®+ )dudv
:f:uze_uzduf:vze_vzdv (26)
=2r
I I uv exp(— )dudv
— If: ue_uzdu.r:ve’e_vzdv @7)
=0
rwrwv exp(— )dudv
- weru “vie Zav (28)
=2r-3

Substituting (26)-(28) into (25) yields

E[R’r.

1= (@+2p%)c’c?, thus (9) also holds.
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